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Electron spin relaxation in nanowire-based quantum dots induced by confined phonons is inves-
tigated theoretically. Due to the one-dimensional nature of the confined phonons, the van Hove
singularities of the confined phonons and the zero of the form factor of the electron-phonon coupling
can lead to unique features of the spin relaxation rate. Extremely strong spin relaxation can be
obtained at the van Hove singularity. Meanwhile the spin relaxation rate can also be greatly sup-
pressed at the zero of the form factor. This unique feature indicates the flexibility of nanowire-based
quantum dots in the manipulation of spin states. It also offers a way to probe the property of the
confined phonons.
PACS numbers: 72.25.Rb, 63.22.-m, 73.21.La, 63.20.kd
Electron spin relaxation in semiconductor quantum
dots (QDs) has been an important problem due to the
proposed application of spin states in QDs as qubits for
quantum computation.1,2 QDs with the spin-orbit cou-
pling are of particular interest since they enable efficient
manipulations of spin with electric field.3–5 Typical III-
V semiconductor QDs are either self-assembled ones or
fabricated by confining electrons in quantum wells by
electrodes, where bulk phonons in substrates play an
important role.6–10 For these QDs, the acoustic bulk
phonons in conjunction with the spin-orbit coupling serve
as the main source for spin relaxation in low-temperature
regime.7 Recently, QDs based on III-V compound semi-
conductor nanowires were fabricated.11–13 The nanowires
are perpendicular to the substrate, making the bulk
phonons in substrate less important than the confined
phonons in nanowires.14,15 The regular structure of the
nanowires results in the quasi-one-dimensional confined
phonons, which lead to novel properties in optical absorp-
tion and transport for the nanowire-based QDs.16,17 In
this Report, we show that the confined phonons lead to
unique behaviors of the spin relaxation in elongate QDs
embedded in nanowires.
We focus here on a single-electron elongate QD em-
bedded in InAs [001] cylindrical nanowire with radius R
in the presence of an external magnetic field B along the
wire. We model the QD by an anisotropic harmonic po-
tential Vc(r, z) =
1
2m
∗ω20r
2 + 12m
∗ω2zz
2 with z-axis along
the wire and ω0 ≫ ωz so that only the lowest electron
subband in the radial direction is needed.18 m∗ is the ef-
fective mass of the electron. Thus the size of the QD is
decided by the diameter d0 =
√
~pi/m∗ω0 in radial direc-
tion and the length dz =
√
~pi/m∗ωz in axial direction.
The spin-orbit coupling in the QD is described by the
Rashba term HSO =
γ
~
σypz, where γ = 3.0× 10
−11 eV·m
is Rashba coupling constant19 and σy is the Pauli matrix.
Due to the well separated energy levels of the QD, the
spin relaxation rate (SRR) can be described by the scat-
tering rate between the two lowest eigenstates |i〉 and |f〉
with opposite spin orientations, which can be calculated
by the Fermi golden rule.8–10,20,21 Treating |i〉 and |f〉 as
the initial and final states, at zero temperature the SRR
can be written as
Γfi =
∑
mν
|Mν(qm)Gfi(ν, qm)|
2
|∂qm(~ων(qm))|
θ(∆εfi)
∣∣∣∣∣
~ων(qm)=∆εfi
,
(1)
where ∆εfi = εi− εf is the energy splitting between the
two states and θ(ε) is the step function. Mν(q)Gfi(ν, q)
describes the matrix element of the electron-phonon cou-
pling with Gfi(ν, q) being the form factor, which depends
not only on the electron wave function but also on the
phonon eigenmode for confined phonons. ~ων(q) is the
phonon spectrum. The summation m is performed over
the surface of the constant energy.
Poles in Eq. (1) correspond to the van Hove singulari-
ties. For bulk phonons, since the constant-energy surface
is continuous, the SRR does not diverge after the in-
tegration. However, for confined phonons, the constant-
energy surface reduces to discrete points, so the SRR can
be divergent if the energy splitting ∆ε matches the van
Hove singularities. Similarly, the SRR can also be sup-
pressed by the zero of the form factor Gfi(ν, q). These
features can be served as the fingerprints of the confined
phonons. We will show that these unique features of the
SRR can be realized in typical nanowire-based QDs.11–13
We mainly focus on the electron-phonon interaction due
to the deformation potential coupling, since it is domi-
nant for small semiconductor nanostructures.22
We calculate the confined phonons with isotropic elas-
tic continuum model which is widely used in the study
of nanowires, carbon nanotubes and nanoparticles.22–27
The nanowire is modeled as an infinite cylinder with the
stress vanishing at the surface of the wire. Since we only
consider the lowest subband of the electron in the ra-
dial direction, due to the conservation of the angular mo-
mentum, only phonon modes with zero angular momen-
2coupling.28 These modes are usually referred as the di-
latation modes.23,26,27
We set the nanowire radius R = 15 nm which is a typi-
cal radius for the nanowires.15 The other relevant param-
eters are the longitude and transverse sound velocities
which are chosen to be vL = 3830m/s and vT = 2640 m/s
along the [001] direction.29 The eigenmodes and spec-
trum ~ων(q) of the confined phonons are calculated fol-
lowing Refs. 30,31. The calculated spectra of the first six
dilatation modes are plotted in Fig. 1(a) and the corre-
sponding phonon density of the states (DOS) is shown
in Fig. 1(b). The peaks in the DOS indicate the van
Hove singularities which correspond to the minima of
each phonon subband. It should be noted that there are
two types of minima: minimum with q = 0 and q 6= 0.
Modes 3, 5 and 6 correspond to the first type. For modes
2 and 4, in addition to the first type, there are minima
with q 6= 0 (q = 0.063 nm−1 for mode 2 and 0.081 nm−1
for mode 4).
The lowest two eigenstates |i〉 and |f〉 can be calculated
by treating the spin-orbit coupling as perturbation. Since
only the lowest electron subband is considered, the ra-
dial component of the electron wave function is described
by the cylindrical Gaussian function with width d0. So
the unperturbed state |nzσ〉 can be characterized by the
quantum number of the harmonic confinement along ax-
ial direction nz and electron spin index σ. Up to the
first-order perturbation, one has |i〉 = |0 ↑〉+B−|1 ↓〉 and
|f〉 = |0 ↓〉+B+|1 ↑〉, where B± = −
√
2piγ
4dz
/(gµBB±~ωz)
with g and µB being the g factor of electron and Bohr
magneton, respectively.10 Note that for the QD consid-
ered here, the energy splitting induced by the spin-orbit
coupling is much smaller than the Zeeman energy so it is
adequate to have ∆ε = |gµBB|.
Given the two eigenstates and the phonon eigenmodes,
the matrix element of the deformation-potential coupling
Mν(q)Gfi(ν, q) can be calculated
28 with q being the ax-
ial phonon wave vector. The form factor is expressed as
Gfi(ν, q) = I
d
z (q)I
d
xy(ν, q) with I
d
z (q) and I
d
xy(ν, q) being
the axial and radial components. The axial component
has the form Idz (q) = dzqe
−(qdz)2/4pi, which does not de-
pend on the phonon mode index ν. The radial component
can be written as
Idxy(ν, q) = χ
(0)
ν (q)(kL/d0)
2eAL(ν,q), (2)
with kL,T = ~ων(q)/(~vL,T ) and AL,T (ν, q) =
(q2 − k2L,T )d
2
0/(4pi). χ
(0)
ν (q) is the coefficient in the ex-
pression for the confined phonon eigenmode which are
calculated numerically following Refs. 30,31. The corre-
sponding coefficient Mν(q) can be expressed as Mν(q) =
|B− + B+|2Cd/∆ε. Cd = ~3Ξ2/(16DvL) is a constant
where the deformation-coupling strength Ξ = 5.8 eV
and density D = 5900 kg/m3.29 Given the matrix ele-
ment Mν(q)Gfi(ν, q) and the phonon spectrum ~ων(q),
the SRR can be calculated by Eq. (1). In the calcula-
tion, we set the size of the QD to be dz = 50 nm and
d0 = 12 nm. g = −14.7.
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FIG. 1: (Color online) SRR as a function of external magnetic
field B with QD diameter d0 = 12 nm (shown in (c)). The
corresponding phonon energy ~ων is given in the upper scale.
(a) and (b) show the energy spectrum and DOS for dilatation
phonon modes respectively. The red solid curve in (c) rep-
resents the total SRR. The contributions of each dilatation
mode are plotted in (c) with different colors and line shapes.
Curves with the same color and line shape in (a) and (c) cor-
respond to the same phonon mode. The arrow in (c) indicates
the dip induced by the zero of the form factor. The peaks in
(b) indicated by the arrows correspond to the q 6= 0 van Hove
singularities. The peak at B = 0.975 T in fact contains two
peaks too close to see due to the scale.
The calculated SRR as a function of external magnetic
field B is plotted in Fig. 1(c). Since the SRR is the
summation of the contributions from each phonon mode,
we plot them in the same figure with different colors/line
shapes for comparison. It can be seen that the SRR as
a function of B can be separated into several regions.
In each region, only one phonon mode dominates. Thus
the properties of individual phonon modes are crucial
to the SRR. This makes the SRR very sensitive to the
magnetic field B. Sharp peaks can be found in Fig. 1(c)
at B = 0.368 T and B = 0.975 T, whereas a dip exists
at the position indicated by the arrow.
Let us first concentrate on the sharp peaks in the SRR.
Comparing to the DOS in Fig. 1(b), one can see that
these peaks correspond to the van Hove singularities with
q 6= 0. The SRR diverges at these singularities. For the
van Hove singularities with q = 0, there is no divergence
as the form factor tends to 0 at q = 0. Only broad peaks
exist. To show this, we plot the form factor Gfi(ν, q) in
Fig. 2. Similar behavior also exists in phonon satellites
in the excitonic absorption.16 Note that this behavior
is different from the disk-shaped QDs embedded in the
nanowires,32 where the SRR diverges for singularities at
q = 0. It is noted that the divergence of the SRR at the
van Hove singularities originates from the approach of the
Fermi golden rule Eq. (1), where the Markovian approx-
imation is implied. However, the divergence of the SRR
means the memory effect should not be neglected and one
should apply the non-Markovian approach33 to calculate
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FIG. 2: (Color online) Form factor Gfi(ν, q) for the first six
dilatation modes versus wave vector q. Inset is for the ra-
dial component Idxy(ν, q). Curve with the same color and line
shape as that in Fig. 1 corresponds to the same dilatation
mode.
the SRR around these singularities. This will remove
the divergence. Moreover, other mechanisms, such as
the phonon-phonon scattering, disorder, etc. can also re-
move the divergence by broadening. However, the peaks
should still survive.
Now we turn to the dip in the SRR indicated by the
arrow in Fig. 1(c). The dip results from the zero of the
radial component Idxy(ν, q) of the form factor.
34 From
Fig. 2, one can see that for phonon mode 1, Idxy(ν, q)
has a zero point for q 6= 0. As a consequence, the defor-
mation potential coupling of this mode vanishes at this
point, making the SRR drop to zero rapidly. It is fur-
ther noted that according to Eq. (2), the zero point of
Idxy(ν, q) is just the zero of χ
(0)
ν (q). So the dip in the SRR
offers a way to probe the confined phonons.
In conclusion, we have calculated the SRR induced by
confined acoustic phonons in elongate QDs embedded in
InAs [001] nanowires. The SRR is dominated by indi-
vidual confined phonon mode at different magnetic field
region, which results in a highly nonmonotonic magnetic
field dependence. Due to the one-dimensional nature of
the confined phonons, the SRR limited by the spin-orbit
coupling combined with the electron-phonon scattering
can be divergent at the van Hove singularities of the
phonons, provided the form factor does not go to zero at
these singularities. Moreover, the zero of the form factor
strongly suppresses the SRR, causing dips in the mag-
netic field dependence of the SRR. These features can
be served as the fingerprints of the confined phonons.
It is also seen from our calculation that the nanowire-
based QDs can enable more flexible manipulations of spin
states.
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